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Reduced-order models are developed based on orthogonal collocation on finite 
elements for  the steady-state optimization of multicomponent distillation units. The 
formulation divides the column sections into subdomains (finite elements) to track 
irregularities in the column profiles accurately and requires that plates with discon- 
tinuities in the flows introduced by feedstreams or sidestreams should be treated as 
discrete equilibrium stages. Application of the model formulation to a number of 
examples show that reduced-order models converge to the same optimal solution as 
the full-order, tray-by-tray model. Optimization results show that computational 
time can be reduced significantly using the more compact model formulation, and 
it is possible to converge to the optimal solution from a larger region for  the initial 
set of variable values. 

Introduction 
Equation-based optimization requires the use of process 

models that accurately describe the underlying physical phe- 
nomena. However, the simultaneous optimization of many 
process units leads to complex mathematical models of large 
dimensionality. This increases the computational difficulties 
to obtain the optimal operating conditions. The need for more 
efficient process models that require less solution effort was 
the motivation for researchers to develop techniques to simplify 
and reduce the size of the process models used in the steady- 
state optimization layer of modern advanced control systems 
in practice (Prett and Garcia, 1988). However, simplified 
models must have certain properties in order to be adequate 
for use in real-time optimization. Specifically, simplified models 
must contain all the necessary gradient information of the 
rigorous model in order to guarantee convergence to the op- 
timum of the rigorous model. Failure to satisfy this condition 
may lead to convergence to a different optimal solution or no 
convergence at all (Biegler et al., 1985). 

Some of the most common methods used for distillation 
modeling are based on empirical shortcut techniques, such as: 
the Fenske-Underwood-Eduljee equations (Eduljee, 1975), 
Smoker’s equation, the Smith-Brinkley method (Smith and 
Brinkley, 1960), and the methods proposed by Glinos and 
Malone (1984). The degree of simplification of shortcut models 
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does not allow their extended use in multicomponent distil- 
lation optimization. The major reason is that even though they 
may result in reasonable predictions of the steady-state be- 
havior of the process, they do not guarantee that they recognize 
the true optimum solution of the process, since valuable gra- 
dient information has been lost as a result of the simplified 
assumptions that are made. 

Another category of model size reduction is based on com- 
partmental methods (Espafia and Landau, 1978; Benallou et 
al., 1986) which has been mainly developed for the dynamic 
behavior of distillation processes. The behavior of a number 
of stages that cannot be defined rigorously is represented by 
only one tray, namely the “sensitivity tray.” A major disad- 
vantage is that the location of the sensitive tray is not defined 
explicitly and its location plays an important role in the time 
required for the simulation (Horton et al., 1991). 

Orthogonal collocation techniques were used extensively for 
the solution and optimization of process systems described by 
differential and algebraic equations (Renfro, 1986; Cuthrell 
and Biegler, 1987). Orthogonal collocation was implemented 
as a model reduction and solution method to the set of partial 
differential equations resulting from the dynamic model of a 
distillation process by Wong and Luus (1980). Stewart et al. 
(1985) and Cho and Joseph (1983) used orthogonal collocation 
techniques with the number of equilibrium stages a continuous 
variable. The dynamic material and energy balances and equi- 
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librium relations are satisfied exactly at certain points called 
the collocation points, which are defined as the roots of or- 
thogonal polynomials. Although the collocation points do not 
necessarily have any physical meaning in the model, since their 
locations need not correspond to the location of any stage, the 
nature of the full-order, tray-by-tray, model is preserved. 

Stewart et al. (1985) proposed that the collocation points be 
located at the roots of the Hahn family of orthogonal poly- 
nomials, which are superior to Jacobi polynomials (Cho and 
Joseph, 1983, 1984). 

Discontinuities in the composition and temperature profiles 
due to feed streams and sidestreams were treated by applying 
different interpolating polynomials above and below the point 
of discontinuity (Stewart et al., 1985; Srivastava and Joseph, 
1987a). This formulation is similar to orthogonal collocation 
on finite elements (OCFE) method with the breakpoints of the 
finite elements at the points of discontinuities. Swartz and 
Stewart (1987) discussed the use of finite elements in the sim- 
ulation of multiphase distillation. The element breakpoints 
were located at the moving miscibility front of the two liquid 
phases. 

Srivastava and Joseph (1987b) described a formulation that 
uses collocation schemes with fewer collocation points for com- 
ponents that appear in small concentrations (nonkey compo- 
nents) that do not change significantly in large sections of the 
column. Information regarding the composition of the nonkey 
components was transferred by interpolation between the dif- 
ferent collocation schemes. 

Swartz and Stewart (1986) used orthogonal collocation 
methods for the optimal design of distillation columns by trans- 
forming the discrete problem into a continuous one that can 
be solved by standard nonlinear programming (NLP) methods. 

In this article, the method described by Stewart et al. (1985) 
is extended and used to identify a steady-state optimal solution 
as compared to a full-order (tray-by-tray) model. 

Full-Order Model Formulation 
The full-order model used for the steady-state simulation 

and optimization of a stagewise distillation column is a tray- 
by-tray model applying mass and energy balances and equi- 
librium relations at each tray in the column. 

Similar to Stewart et ai. (1985), the major assumptions made 
are: 

( a )  Complete mixing of each phase at each stage 
( b )  Constant holdups of liquid and no vapor phase holdup 

(c) No entrainment from stage to stage 
( d )  Adiabatic stages 
( e )  Thermal equilibrium between the leaving liquid and 

vapor stream from each stage. 
The total number of equations in the model is further re- 

duced by eliminating the component vapor molar flows using 
the equilibrium relations (Holland, 198 1). This formulation 
evaluates the equilibrium relations only once for every itera- 
tion, and the component vapor molar flow rates do not par- 
ticipate in the set of nonlinear variables. The advantage of this 
elimination is that the total number of nonlinear constraints 
and variables is reduced and hence the efficiency and the speed 
of the NLP solver is improved, even though the Jacobian 
matrix becomes denser. For a typical case involving a four 

on each stage 

component distillation column, the solution time is reduced 
by a factor of 2 as a direct result of this formulation. 

On every tray, i, mass and energy balances are applied as: 

where 

c 

K m . i = f ( T , ,  P i )  m = l ,  . . . , C 

Index idenotes the tray number, and m denotes the component. 
A Murphree stage efficiency may be used for each stage, 

but in this work all stages are assumed to be ideal. 
Equilibrium coefficients, liquid, and vapor stream enthalpies 

are evaluated on each tray using regression equations. Ther- 
modynamic data were determined for ideal solutions at the 
operating conditions of the columns used in the examples and 
regression equations were fit to these data (Bailey, 1991). K 
values were determined using regression equations of the form: 

The specific molar liquid enthalpy for each component is 
given by the following regression equation: 

where T:,,,,,,, is a corrected temperature defined as: 

where V ,  and T,, are the critical volume and temperature of 
the mth component, respectively, and xm,; are the liquid molar 
fractions of each component. Finally, liquid molar enthalpy 
is given by Eq. 6 .  

The specific molar vapor enthalpy for each component is 
given by the expression: 
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where 

T,m,, and Pr,,< are the reduced temperature and pressure of the 
mth component at the ith tray. The total molar vapor enthalpy 
is then calculated by Eq. 7. 

Reduced Order Model 
Collocation on column sections 

The development of the reduced order models is based on 
the same assumptions made for the tray-by-tray model. 

Distillation columns are separated into sections, each defined 
as the group of trays between two sidestreams leaving or en- 
tering the column. A column with a single feed stream and no 
sidestreams is separated into two sections, the rectifying and 
the stripping sections. The number of stages in each section is 
considered to be a continuous variable. The condenser, feed 
tray, and reboiler are treated as discrete equilibrium stages. 
The formulation of the model can be applied in any column, 
regardless of the number of sidestreams, by locating the break- 
points of the elements at the trays where the sidestreams enter 
or leave the column. 

Liquid and vapor component molar flows, as well as liquid 
and vapor enthalpies, are expressed as polynomial functions 
of position in the given column section. These functions are 
to be adjusted so that the equations which describe the material, 
energy, and equilibrium relationships in the column are sat- 
isfied exactly at the collocation points. In every section, the 
number of n interior collocation points is specified, with the 
restriction that n must be no greater than the number of stages, 
N ,  contained in that section. Also, the boundary points of 
each section so = 0 and sn+ I = N +  1 are used as interpolation 
points for liquid and vapor states, respectively. The approx- 
imation functions that are used in the collocation scheme are: 

" - 1  

i jm(s) = W,Cm(s,) 1 s s s N +  1, m =  1, . . . , C (14) 
1 = l  

n + l  

v(s)fi(s) = 2 W,,,B(sj)fi(s,) 1 s s s N +  1 (16) 
I =  I 

where 

r 

m =  I 

m = l  

The functions, W,, and W , ,  are Lagrange interpolation pol- 
ynomials of order n + l ,  given by the expressions: 

k#j 

k # j  

A set of residual equations is derived by substituting the 
approximation relations for the variables (Eqs. 13-16) in the 
mass and energy balance equations at the collocation points. 
The residuals of these equations are required to be zero at the 
collocation points, s,. 
Mass Balance Residual Equations: 

Fm(Sj- 1) + cm3,(sj+ 1) - L ( S j )  - Cmm(Sj) = 0 

m = l ,  . . . , C (21) 

Equilibrium Equations: 

Energy Balance Residual Equations: 

to,- ms,-  1)+ P(S/+ l)fi(S/+ 1) 

-L(s , ) f i (~ , )  - P(s,)fi(~,) = O  (23) 

Similar to the procedure used in the full-order model, the 
molar vapor component flows are eliminated from the above 
set of equations by using the equilibrium equations. Even 
though the vapor component molar flow rates do not belong 
in the set of nonlinear variables, the vapor flows are calculated 
every time the subroutine which evaluates the nonlinear con- 
straints is called, and then the vapor flows are interpolated. 
This procedure requires the evaluation of the equilibrium pa- 
rameters only once per collocation point and iteration. 

Those points within the column in which discontinuities in 
the liquid or vapor composition occur (such as the condenser, 
feed plate, and the reboiler) are treated as discrete equilibrium 
stages by applying separate mass and energy balances. This 
approach is similar to that proposed by Stewart et al. (1985) 
with the exception that in the present work the feed plate is 
treated as a separate equilibrium stage. Stewart et al. (1985) 
proposed that the liquid and vapor part of the feed stream 
must be added to the liquid and vapor streams connecting the 
two column sections which is correct only in the case of adi- 
abatic columns of constant molar overflow. However, the tem- 
perature and composition at the feed plate change in order to 
satisfy the product quality specifications. In addition, feed 
stream conditions strongly affect the temperature and the dis- 
tribution of the feed stream into the liquid and vapor phases. 
Mass, energy balances, and equilibrium relations are solved at 
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the feed plate given the feed flow rate and enthalpy. Pinto and 
Biscaia (1988) suggested that a collocation point should be 
located at the feed plate, but this requires the use of special 
orthogonal polynomials in order to locate a polynomial root 
at the feed plate. The discrete equilibrium stage at the feed 
location allows the use of Hahn polynomials for the placement 
of the collocation points. Kim et al. (1989) suggested a se- 
quential modular approach on the column sections to deal with 
the feed tray discontinuity; however, this method requires an 
iterative procedure to obtain the solution. 

The mass balance, equilibrium and energy balance relations 
for the condenser, the feed plate and the reboiler are: 
Condenser: 

Feed Tray: 

- $ ( ~ ~ , + ~ ) - ~ ( s ~ ) + f ~ = O  m = 1 , .  . . , C (27) 

m = l ,  . . . , C (29) 

Reboiler: 

m = l , .  . . , C (32) 

Index R is used for the rectifying section, and index S is used 
for the stripping section of the column. Figure 1 shows the 
formulation of the feed stage. The composition and the en- 
thalpy of the vapor stream entering the condenser, the liquid 

Rectifying Section 

s=NR+l s=N R 

i 
Feed Plate 

I Stripping Section I 

Figure 1. Feed tray formulation in the OCFE model. 

stream entering the reboiler, and the liquid and vapor streams 
entering the feed plate are determined by extrapolation using 
the Lagrange polynomial of the section in which each stream 
is located. For the liquid state, component molar flow rates 
and total enthalpy are evaluated by extrapolation at points 
s = N R  and s=Ns for the rectifying and stripping sections re- 
spectively, which correspond to the endpoints of each column 
section for the liquid states, and for the vapor state at point 
s= 1 for both column sections. 

Equilibrium coefficients and stream enthalpies are calculated 
using the regression Eqs. 8, 9 ,  and 1 1 .  

Stewart et al. (1985) investigated approximation error using 
different families of orthogonal polynomials for the selection 
of collocation points and showed that the roots of the Hahn 
orthogonal polynomials are the best selection. Hahn polyno- 
mials Qn(x;  a,P,M) obey the weighted orthogonality condi- 
tion: 

where 

Stewart et al. (1985) reported that when both parameters CY 

and 0 have the value zero, which results in a uniform weighting 
to the residuals, then the approximation error becomes sig- 
nificantly small. The collocation points are the roots of a Hahn 
orthogonal polynomial with x =  s - 1 and M =  N -  1 .  
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Condenser 

........._.. Rectifying 
section 

Collocation points Element knot 

M2 

Reboiler 

Figure 2. OCFE model for a conventional distillation 
column. 

Another useful property of the Hahn polynomials is that 
whenever the number of interior collocation points is equal to 
the number of stages in this section then the roots of the 
polynomials coincide with the discrete stages, and thus the full 
model is recovered. The collocation model retains the stagewise 
structure of the full order model and approximates it with 

S=Nl+1 

i-th element 

s-0 

(i+l)-th element 
I 

Figure 3. Boundary conditions between elements. 
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fewer equations. For more details about the properties of Hahn 
polynomials such as analytical expressions for the roots of up 
to fourth-order polynomials, the reader is referred to Stewart 
et al. (1985) and Askey (1975). 

Collocation on subdomains of column sections 
The collocation method on the column sections described 

in the previous section uses (n + 1)th-order approximation pol- 
ynomials for each column section where n is the total number 
of collocation points in each column section. When the com- 
position profiles in the column are steep or change rapidly, 
then a large number of collocation points would be required 
to track the steep fronts in the solution and obtain an accurate 
approximation. Thus, each section is divided into smaller parts, 
named finite elements. 

A more accurate representation will be achieved if the di- 
vision of each column section into smaller subdomains is made 
such that the density of collocation points is greater in those 
regions where significant changes in the composition or tem- 
perature occur. Fewer collocation points can be used where 
the profiles in the column follow a smooth behavior. A 
( k ,  + 1)th-order polynomial is defined on every element, where 
k, is the number of collocation points in the element and a set 
of piecewise continuous polynomials (Eqs. 19 and 20) is used 
for the approximation. This results in the use of more low 
order Lagrange interpolation polynomials compared with col- 
location schemes of the same total number of collocation points 
and only one element per column section. Each finite element 
is bounded by two endpoints (breakpoints). At the breakpoints 
of each element, continuity of the polynomials is required, so 
that the approximation piecewise function is continuous 
throughout the entire column section. Polynomials of lower 
order and more collocation points can be used for regions in 
the column where composition and temperature profiles change 
rapidly. The formulation of this technique for a conventional 
distillation column with two finite elements on each section is 
shown in Figure 2. 

Similar to the method described in the preceding section, k, 
interior collocation points, which are the roots of Hahn or- 
thogonal polynomials, are selected for every finite element. 
Also s , ,~  = 0 and S,,k8+, = N, + 1, where N, is the number of stages 
in the ith element, are interpolation points for liquid and vapor 
phase respectively. 

The boundary conditions between finite elements obey zero- 
order continuity and are given by: 

Liquid Phase: 

Vapor Phase: 

where index i denotes the element. Similar relations are used 
for the total liquid and vapor stream enthalpy. Detailed rep- 
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Table 1. Column Specifications 

Case 1 Case 2 Case 3 
C,-Splitter DIB C,-C4 Splitter 

Feed 
Total flow (Mmolsld) 
Temperature ("C) 
Pressure (kPa) 
Composition (070 mol) 

ethane 
propylene 
propane 
isobutane 
n-butane 
isopentane 
pentane 

Condenser type 
Reboiler type 

Ideal Stages 
Rectifying section 
Stripping section 

1.0734 
46.11 

1,860.60 

- 
89.73 
10.27 
- 
- 
- 
- 

equilibrium 
equilibrium 

115 
60 

6.4240 
94.80 

1,730.40 

- 
- 

3.83 
63.76 
28.22 
4.19 

equilibrium 
equilibrium 

- 

14 
19 

1.4544 
69.88 

1,741 .OO 

0.09 

22.11 
52.41 
23.09 
2.01 
0.17 

equilibrium 
equilibrium 

9 
11 

- 

Product Specificntions 
Overhead product (070 mol) propane s 0.25 n-butanes 3.0 isobutane s 0.6 
Bottoms product (070 mol) propylene I. 0.50 isobutanes 5.0 propane 5 4.0 

resentation of the boundary conditions of the elements is shown 
in Figure 3. Liquid molar flow rates and enthalpy of the stream 
leaving the ith element are evaluated by extrapolation at point 
Ni using the Lagrange polynomial for ith element. An anal- 
ogous procedure is used for the vapor molar flow rates and 
enthalpy of the stream entering the ( i  + 1)th element. They are 
calculated by extrapolation at point s= 1 using the Lagrange 
polynomial for the ( i  + 1)th element. 

The size of each finite element can be determined such that 
the total approximation error in every column section is min- 
imized. Hahn polynomials can be applied not only for integer 
values but also for real values of N; the length of every finite 
element can be any real number. The only requirement is that 
the sum of all the finite-element lengths in each column section 
is equal to the integer number of equilibrium stages in that 
section. In addition, the order of the interpolation polynomial 
used to approximate the behavior of the variables in a given 
element cannot exceed the number of equilibrium stages in- 
cluded in the element. 

An alternative method for approximating composition and 
temperature profiles in the column is to use cubic splines in- 
stead of Lagrange polynomials. Cubic splines may allow the 
second derivative of the piecewise cubic interpolation functions 
to be continuous at the knots connecting the elements of each 
section, which implies continuity of curvature (de Boor, 1985). 
However, since derivative information is not available regard- 
ing the approximated functions of component composition and 
temperature, due to the discrete nature of the full-order model, 
the properties of splines are not helpful. Although the models 
using cubic spline interpolation polynomials approached the 
optimum solution, the measure of the infeasibilities in the 
solution could not be reduced below the specified tolerance. 
The set of equations becomes more complicated because the 
derivatives of the approximated function need to be estimated, 
thus making the optimization problem more difficult to solve. 
Cubic spline methods were not explored any further in this 
work. 

Optimization Results 
The performance of the OCFE models in steady-state op- 

timization was tested with three distillation columns. TWO dif- 
ferent NLP solvers have been used to determine the optimal 
solution for the distillation columns are: MINOS 5.3, an aug- 
mented projected Lagrangian algorithm (Murtagh and Saun- 
ders, 1982), and a reduced sequential quadratic programming 
(R-SQP) algorithm developed for large-scale problems (Schmid 
and Biegler, 1992). 

Case I: C3-splitter 
This example involves the optimization of a propylene-pro- 

pane splitter. The main characteristics of this type of distil- 
lation column are: high reflux ratios (which increases the 
operating costs) and a larger number of equilibrium stages 
(because of the low relative volatility of the two components). 
The conditions of the feed stream as well as other character- 
istics and specifications of the column are shown in Table 1. 
The regression Eqs. 8, 9, and 11 are used for the evaluation 
of the thermodynamic properties of the liquid and vapor phases 
except that absolute temperatures were used for the calculation 
of the liquid enthalpy. The values of the parameters that are 
used in the regression equations are given in Tables 2, 3, and 
4. The assumption of ideal solutions was made for the eval- 
uation of the thermodynamic properties, and the present 
method requires modification as suggested by Swartz and Stew- 
art (1987) when applied to multiphase distillation. Pressure is 
fixed for every tray at the values given by a simulation case. 
The pressure at each collocation point is calculated by a linear 
interpolation of the pressure values at the two neighboring 
trays. The initial point for the optimization was the solution 
of a simulation case using HYSIM 1.51 (Hyprotech, 1991) and 
interpolating linearly between the equilibrium stages to obtain 
the values of the variables at the collocation points. The total 
number of nonlinear constraints for a OCFE model with n 
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Table 2. Regression Coefficients for K-Values 

a1 a2 a3 a, - 
Used in the C,-Splitter 

propylene 8.020373e- 1 - 1.775595e - 2 5.587970e- 3 - 4.647275e - 4 
propane 6.854639e+ 1 - 4.326426e - 1 6.837252e - 4 - 1.058095e - 4 

Used in the Deisobutanizer (DIB) 
propane -9.85809 
isobutane - 8,67675 
n-butane - 15.41 127 
isopen tane - 19.12111 

Used in the C,-C4 Splitter 
ethane - 5.420597 

0.545316e- 1 - 0.579078e - 4 - 0.1391 12e - 2 
- 0.208579e - 4 - 0.146493e - 2 0.365983e - 1 
- 0.889839e - 4 - 0.117645e- 2 0.780988e - 1 

0.946910e- 1 - 0.1 12866e- 4 - 0.997234e - 3 

0.348876e - 1 - 0.388490e - 4 - 0.509808e - 3 
propane - 13.133830 0.691381e- 1 -0.81341 le- 4 - 0.412676e - 3 

0.688440e- 1 - 0.75495Oe - 4 -0.341044e-3 
0.825619e- t - 0.93242Oe - 4 -0.317356e- 3 

isopentane - 20.023894 0.912537e- 1 - 0.101955e- 3 - 0.2398 18e - 3 
pentane - 22.205646 0.101407e + 0 - 0.1 14963e- 3 -0.220114e-3 

isobutane - 14.462916 
n-butane - 17.345122 

collocation points is calculated as: mass balances: [n + 3]C; 
energy balances: [n + 31; equilibrium relations: [n + 31; sum- 
mation equations: [n + 31; molar fractions at the overhead and 
bottoms products: 2C, and reflux ratio relation. 

In the mass and energy balances, the equations for the three 
discrete equilibrium stages in the model (condenser, feed plate, 
and reboiler) are included. There are two degrees of freedom 
for the column because pressure and feed conditions are spec- 
ified. 

Optimization results for the C3-splitter are shown in Table 
5 .  The objective function is the minimization of the utility 
costs required for the separation: 

Cost = 2.4QB - 0.4QD (37) 

Both tray-by-tray and OCFE models converge to the same 
optimal solution and the same set of constraints is active at 
the optimum. The Lagrange multipliers (marginal values) of 
the active product specification constraints are nearly identical 
for both models. The Lagrange multiplier of an active con- 
straint indicates the magnitude of change in the objective func- 
tion per unit increase or decrease in the righthand side term 
of the constraint and show the sensitivity of the optimal so- 
lution to the relaxation or tightening of the given constraint. 
Optimization results show that a shortcut model based on the 
Fenske-Underwood-Eduljee equations failed to predict the 
same optimal solution as the tray-by-tray model (Table 5). 

The OCFE model consisted of three elements in every section 
and three collocation points were used in every element leading 

to fourth-order Lagrange interpolation polynomials. The model 
size was reduced by a factor of 8, and as a consequence, the 
computational time to obtain the solution was reduced sig- 
nificantly. The CPU time to obtain the solution on a VAX 
3500, using MlNOS 5.3 as the NLP solver, was decreased by 
a factor of 11 for the OCFE model. The OCFE model was 
about 3.6 times faster than tray-by-tray when the R-SQP code 
was used for the optimization. The reflux ratio and the bottoms 
product flow rate were selected as the independent variables 
in the R-SQP for the decomposition of the Hessian matrix. 
The large model size reduction in the OCFE formulation is 
mainly because of the large flat regions in the component 
profiles of the column. These flat regions allow the use of only 
a few collocation points for an accurate representation of the 
tray-by-tray solution. 

The optimal temperature and liquid composition profiles 
for both models are shown in Figures 4 and 5 ,  respectively. 
Clearly, OCFE models performed well in predicting the op- 
timal profile of the C3-splitter. 

Cases 11 and 111 deisobutanizer and C& splitter 
These cases involve the optimization of two complex distil- 

lation columns. A four component deisobutanizer (DIB) and 
a six component C3-C4 splitter. The column specifications are 
shown in Table 1 and Tables 6 and 7 show the optimization 
results for the DIB and the C3-C4 splitter, respectively. The 
OCFE model for the DIB consisted of three elements for every 
column section and two and three collocation points per ele- 
ment for the rectifying and stripping sections, respectively. 

Table 3. Regression Coefficients for Liquid Enthalpy 

Used in C, Splitter 
1.845696e - 2 propylene - 5.507860e+ 5 

propane -2.336810e+5 2.168266e+ 3 - 7.086567e+ 0 8.169412e-3 
5.180234e + 3 - 1.673919e+ 1 

Used in the DIB and the C,-C, Splitter 
propane - 4.114596e + 5 3.948232e + 3 - 1.250259e + 1 1.363845e - 2 
isobutane -2.013476e+5 1.838203e+ 3 - 5.425727e + 0 5.811588e-3 
n-butane - 1.674945e + 5 1.494509e + 3 - 4.259655e + 0 4.503788e - 3 
isopentane - 9.877590e + 4 8.301663e+2 -2.136380e+O 2.317351e-3 
pentane - 1.041395e+5 8.668001e+ 2 - 2.195377e+O 2.332018e- 3 
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Table 4. Regression Coefficients for Vapor Enthalpy 

Used in the C3 Splitter 
propylene - 5.72554e + 3 -5.10174e+3 
~~ 

propane -7.38623e+3 -7.98970e+3 

ethane 3.41889e + 3 - 1.13518e+4 
propane 1.87050e + 4 - 5.40087e + 3 
isobutane 2.3475 l e  + 4 - 6.88974e + 3 
n-butane 2.75293e + 4 - 9.09605e+ 3 
isopentane 2.65374e + 4 - 7.98028e + 3 
pentane 2.71551e+ 4 - 7.97346e + 3 

Used in the DIE and the C3-C, Splitter 

-2.00812e+4 
- 3.17627e + 4 

1.24400e + 4 
-5.92078e+3 
- 7.34538e + 3 
- 6.53993e + 3 
- 9.44774e + 3 
- 1.05076e + 4 

2.08929e + 4 
3.67828e + 4 

- 2.53216e+ 3 
5.58299e+ 3 
8.12559e + 3 
9.38289e+ 3 
1.006 1 2e + 4 
1.07723e + 4 

2.09357e + 4 
3.86803e+4 

1.20954e + 4 
5.24836e + 3 
2.86715e+3 

- 9.33633e + 2 
7.00015e+3 
1.08482e + 4 

- 1.15250e+3 
- 1.26688e + 4 

4.1211 l e +  3 
1.30895e + 4 
2.32235e+ 4 
2.68593e+ 4 
3.491 52e + 4 
3.44538e + 4  

Both models converge to the same solution, but OCFE required 
about half of the tray-by-tray CPU time using MINOS 5.3 as 
the optimization algorithm. OCFE models converge with dif- 
ficulty when the R-SQP algorithm is used. The minimal OCFE 
model size for which a feasible solution is obtained using R- 
SQP is greater than the one achieved with MINOS. The iso- 
butane and n-butane liquid molar flow rates at the optimal 
solution for both models are shown in Figure 6 and verify the 
agreement of the optimal solution obtained by the two different 
process models. The liquid composition profiles for the nonkey 
components propane and isopentane are shown in Figure 7. 
The figure shows that OCFE models predict the composition 
of nonkey components accurately. 

The model size reduction is smaller in the case of the C3-C4 
splitter and as a consequence only a 20% decrease in the total 
solution time is achieved using the OCFE model. The main 
reason for this behavior is attributed to the increased com- 
plexity of the C,-C4 splitter compared to the previous two 
examples. The C3-C4 splitter has six components and the sep- 
aration requires only 20 equilibrium stages and a larger number 
of collocation points is needed to track changes in composition 
and temperature in the column. 

The treatment of the feed plate discontinuity as discussed 
by Stewart et al. (1985) was applied to the example cases I and 

11. For the C,-splitter the optimal solution obtained was not 
very different from the tray-by-tray solution but worse than 
the solution of the proposed approach (Table 2). However, 
for the case of the DIB no feasible optimal solution was ob- 
tained with the Stewart et al. formulation since the assumption 
of constant molar overflows is not valid. 

Initial point dependence 

The dependence of the initial set of variable values for both 
the full-order and the OCFE models on the performance and 
computational effort required to converge to the optimal so- 
lution is investigated. The initial points tested are constructed 
by specifying poor estimates for the component molar flow 
rates and temperature at the two endpoints of the column and 
then calculating the values for the variables in the interior of 
the column by linear interpolation. For the OCFE models the 
values of the variables at the collocation points are evaluated 
by linear interpolation of the tray-by-tray initial variable values 
for the same starting point at the adjacent trays. 

The initial profiles for the isobutane molar flow rates are 
shown in Figure 8. In Table 8, the optimization results using 
MINOS 5.3 for different initial points for the DIB are shown. 
OCFE models are more robust than tray-by-tray models to 

Table 5. Propylene-Propane Splitter Optimization Results 

Tray-by-Tray OCFE Stewart et al. (1985) Shortcut 
Amroach 

Reflux ratio 19.708 19.701 19.835 17.785 
Condenser duty (GJ/d) - 239.056 - 238.972 - 240.595 - 210.955 
Reboiler duty (GJ/d) 237.743 237.659 239.282 222.8 1 5 
Overhead product: 

Lagrange multiplier for propane = 

Flow (MmoVd) 0.965 0.965 0.965 0.965 
Bottoms product: 

mol % propane 99.50 99.50 99.50 99.50 
Lagrange multiplier for propylene = 

Flow (Mmol/d) 0.108 0.108 0.108 0.108 
VAX 3500 CPU time (s) 
R-SQP 49.5 13.7 - - 
MINOS 5.3 326.0 18.0 17.8 1.3 
Number of equations 880 110 110 7 
Number of variables 882 112 112 9 
Objective function value ($/d) 666.205 665.971 670.515 623.883 

mol % propylene 99.75 99.75 99.75 99.75 

0.25% mol ($/mol frac.) -61,004 - 60,949 - 62,235 -41,788 

0.50% mol ($/mol frac.) - 10,358 - 10,317 - 10,543 - 12,209 

OCFE model: 3 elements/section (equispaced), 3 collocation points/element. 
Shortcut model: Fenske-Underwood-Eduljee equations. 
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Figure 4. Comparison of optimal temperature profiles 
for the C,.splitter between tray-bytray and 
OCFE models 

poor initial variable values. This can be mainly attributed to 
the fact that OCFE models have fewer variables. Another 
reason may be that the OCFE model diminishes near numerical 
singularities from the Jacobian matrix. As the initial point 
moves further from a feasible initial point, the ratio of the 
CPU time required for the tray-by-tray solution to that for 
the OCFE model increases. For some initial sets of variable 
values the tray-by-tray model fails to converge to the optimal 
solution. 

For the C,-splitter, the tray-by-tray model fails to converge 
whenever the initial temperature profile is assumed to be linear. 
The reason for this behavior is that the temperature profile 
for this particular column has a large flat region in the rec- 
tifying section and exhibits a steep behavior in the stripping 
section (Figure 4). The discrepancy between the final solution 
profile and the initial linear profile is significant. However, 
the OCFE model converged to the optimal solution when a 
linear temperature profile was provided as an initial estimate 
of the temperature variation in the column. 

50 100 150 

Equilibrium stage 

Figure 5. Comparison of optimal liquid composition 
profiles for the C,-splitter between the tray 
bytray and OCFE models. 

The improved ability of the OCFE models to converge to 
the optimal solution with a poor initial guess for the variables 
may be a very useful advantage, when OCFE models are used 
under a real-time (on-line) optimization framework. Disturb- 
ances in the real plant may result in the optimal operating 
conditions' moving far away from the initial estimate, and 
then it is very important that the process model converges to 
the new optimal solution. 

Approximation Error Analysis 
An important issue with regards to the use of OCFE models 

for distillation optimization is the selection of the proper com- 
bination of number of elements for every column section and 
the number of collocation points for every element. As the 
total number of collocation points in the column increases the 
approximation error defined as the difference of the tray-by- 

Table 6. Deisobutanizer (DIB) Optimization Results 

Shortcut OCFE B Tray-by-Tray Trav-bv-Trav OCFE A 

Reflux ratio 
Condenser duty (GJ/d) 
Reboiler duty (GJ/d) 
Overhead product: 

mol '70 propane 
rnol @lo isobutane 

3.0% mol ($/mol frac.) 
Lagrange multiplier for n-butane = 

Flow (Mmol/d) 
Bottoms product: 

mol To n-butane 
mol 070 pentane 

5.0% rnol ($/mol frac.) 
Lagrange multiplier for isobutane = 

Flow (Mmol/d) 
VAX 3500 CPU time (s) 
Number of equations 
Number of variables 
Objective function value ($/d) 

R-SQP 
7.043 

- 565.206 
584.191 

5.63 
91.37 

- 25,737 
4.370 

81.89 
13.11 

-7,195 
2.054 
29.3 
240 
242 

1,628.14 

MINOS 5.3 
7.043 

- 565.206 
584.191 

5.63 
91.37 

- 25,741 
4.370 

81.89 
13.11 

-7,196 
2.054 
55.5 
240 
242 

1,628.14 

R-SQP 

- 565.205 
7.043 

584.190 

5.63 
91.37 

- 25,737 
4.370 

81.89 
13.11 

-7,195 
2.054 
40.1 
177 
179 

1,628.14 

MINOS 5.3 
7.043 

584.190 

5.63 
91.37 

- 565.205 

- 25,737 
4.370 

81.89 
13.11 

-7,194 
2.054 
29.0 
110 
112 

1,628.12 

MINOS <3 
7.358 

694.694 

5.63 
91.37 

- 67 1.3 17 

-21,218 
4.370 

8 1.89 
13.11 

- 11,621 
2.054 
3.5 
14 
16 

1,903.66 

OCFE A model: 3 elements/section (equispaced); 3 collocation points/element in rectifying section; and 4 collocation points/element in stripping section. 
OCFE B model: 3 elements/section; 2 collocation points/element in rectifying section; and 3 collocation points/element in stripping section. 
Element lengths: rectifying section: 3.805, 3.740, 4.455; stripping section: 5.784, 4.927, 7.289. 
Shortcut model: Fenske-Underwood-Eduljee equations. 
(*) variable at its upper or lower bound. 
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Table 7. C3-C4 Splitter Optimization Results 

Tray-by-Tray Tray-by-Tray OCFE 

Reflux ratio 7.043 7.043 7.043 

Reboiler duty (GJ/d) 584.191 584.191 584.190 
Overhead product: 

mol To ethane 0.47 0.47 0.47 
mol '70 propane 98.91 98.91 98.91 
mol Vo n-butane 0.02 0.02 0.02 

0.6% mol ($/mol frac.) - 29,460 - 29,460 - 29,45 1 

R-SQP MINOS 5.3 MINOS 5.3 

Condenser duty (GJ/d) - 565.206 - 565.206 - 565.205 

Lagrange multiplier for isobutane = 

Flow (MmoVd) 1.422 1.422 1.422 
Bottoms product: 

rnol 070 i-butane 64.70 64.70 64.70 
mol 070 n-butane 28.53 28.53 28.53 
rnol 070 i-pentane 2.56 2.56 2.56 
mol Vo pentane 0.21 0.21 0.21 

Lagrange multiplier for propane = 

Flow (Mmol/d) 6.032 6.032 6.032 
VAX 3500 CPU time (s) 28.5 37.7 31.4 
Number of equations 193 193 139 
Number of variables 195 195 141 
Objective function value ($/d) 611.99 61 1.99 61 1.92 

4.0% mol ($/mol frac.) - 3,760 - 3,760 - 3,760 

tray solution from the OCFE solution, reduces asymptotically. 
This is expected since the use of the Hahn polynomials guar- 
antee that the full-order model is recovered when the number 
of collocation points equals the number of equilibrium stages 
in the column section. 

Since the main goal is to achieve the minimum possible size 
of the OCFE model for which the tray-by-tray solution is 
obtained, it must be determined how many equilibrium stages 
can be represented within a given element length for a given 
polynomial order. The answer to that depends mainly on the 
shape of the composition and temperature profiles in the given 
column section. This can be solved by adaptively varying the 
length of the finite elements so that an optimal distribution of 
the collocation points in the column is achieved, under the 
condition that the total number of collocation points is con- 
stant (Seferlis and Hrymak, 1994). 

The objective in this work is to determine a combination of 
number of elements per column section and number of col- 

location points per element that minimizes the approximation 
error for a given number of total collocation points. However, 
this optimal combination is difficult to determine a priori. In 
order to investigate the dependence of the accuracy of the 
OCFE model on different collocation schemes the approxi- 
mation error for the temperature and composition is calculated 
for the C,-splitter. The approximation error is the sum of 
squares of the differences of the variables (temperature or 
composition) obtained by the tray-by-tray model from the 
values of the same variables evaluated at the location of the 
equilibrium stages using the OCFE solution and the Lagrange 
interpolation polynomials. The error for a single tray is given 
by the following relations: 

j = O  

OCFE model: 2 elements/section; 3 collocation points/elements in rectifying section; and 3-2 collocation points/elements in stripping section. 
Element lengths: rectifying section: 3.500, 3.500; stripping section: 5.400, 4.600. 

I 
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Figure 6. Comparison of optimal key liquid composition 
profiles for the DIB between the tray-bytray 
and the OCFE models. 

Figure 7. Comparison of optimal nonkey liquid com- 
position profiles for the DIB between the tray 
bytray and the OCFE models. 
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Figure 8. Comparison between the initial and the opti- 
mal isobutane liquid composition profiles in 
the DIB. 

k 
e m , ~ o w = ~ m - ~  W,f,,(s,)L,l(s,I) m = 1 ,  . . . , c (39) 

where s, is the location of the actual tray inside the ith element 
and r ( s l I ) ,  k,,(sf,) are the temperatures and the component 
liquid molar flow rates at the collocation points in the ith 
element respectively. 

Table 9 shows the error behavior for different collocation 
schemes. For the cases of two and three elements per column 
section, with two collocation points per element, convergence 
to the optimal solution was not possible, which implies that 
third-order Lagrange polynomials are not very effective in 
predicting the true solution. In addition, one can assess the 
performance of different collocation schemes, with equal total 
number of collocation points, in identifying the optimal full- 
order solution. For instance, the approximation error is smaller 
when three elements per section with four collocation points 
per element are used compared with a scheme that uses four 
elements per section with three collocation points per element. 

J = o  

Table 8. Optimization Results for the DIB for Different Initial Variable Value Sets 

MINOS 5 .3  Tray-by-Tray OCFE 

i-butane: 37.1-2.7 Mmol/d CPU (s) 55.8 33.5 
n-butane: 0.9-38.0 Mmol/d CPU ratio 1.67 1 .oo 
Temperature: 35-60°C Major itns 8 7 
Simulation solution (HYSIM) Minor itns 110 103 

i-butane: 37.1-2.7 Mmol/d CPU (s) -~ - 

n-butane: 0.9-34.1 Mmol/d CPU ratio 
Temperature: 35-60°C Major itns 
Linear interpolation Minor itns 

55.3 
1.90 

8 
116 

29.0 
1 .OO 

6 
84 

i-butane: 40.0-2.7 Mmol/d CPU (s) 
n-butane: 0.9-38.0 Mmol/d CPU ratio 
Temperature: 30-65°C Major itns 
Linear interpolation Minor itns 

Case 4 
i-butane: 45.0-2.7 Mmol/d CPU (s) 
n-butane: 1 .O-42.0 Mmol/d CPU ratio 
Temperature: 30-65°C Major itns 
Linear interpolation Minor itns 

104.1 
2.45 
10 
59 

232.6 
3.88 

1 1  
60 1 

42.4 
1 .oo 

8 
200 

60.0 
1 .00 
10 

323 

i-butane: 48.0-2.7 Mmol/d CPU (s) No convergence 74.6 
10 n-butane: 1.0-45.0 Mmol/d Maior itns - 

Temperature: 30-65°C 
Linear interpolation 

Minor itns - 483 

Table 9. Approximation Error in Temperature for the C,-splitter* 

2 Elements/Section 3 Elements/Section 4 Elements/Section 

2 collocation points per element No convergence No convergence 1.483 
1.696 
2.934 

3 collocation points per element 1.794 0.491 0.374 
2.160 0.163 0.044 
3.043 2.394 1.879 

4 collocation points per element 0.460 0.340 0.252 
0.117 0.025 0.007 
2.306 1.715 1.262 

'Table entries are sum of squares of errors for propylene and propane molar flow rates and temperature. 
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Conclusions 
Orthogonal collocation on finite-elements techniques are 

used for the model size reduction of distillation units. Each 
column section is divided into subdomains in which orthogonal 
collocation is applied. The number of equilibrium stages as 
well as the component molar flow rates, and the total enthalpies 
are treated as continuous variables of position in the column. 
The collocation points are chosen to be the roots of the Hahn 
orthogonal polynomials. The condenser, the reboiler, and the 
feed plates are treated as discrete equilibrium stages. This new 
formulation allows the accurate representation of the column 
behavior under the presence of discontinuities in column vari- 
able profiles due to feed streams and sidestreams. 

OCFE models are used for steady-state optimization and 
the optimal solutions are compared to those obtained by the 
tray-by-tray model. Both models converge to the same optimal 
solution, but OCFE models required less computational effort. 
OCFE formulations are advantageous for columns that have 
a large number of equilibrium stages since the reduction in 
model size and solution time is substantial. As the complexity 
of the distillation column increases, due to the addition of 
more components or the use of more rigorous thermodynamic 
models, the minimum number of collocation points for a fea- 
sible optimal solution increases. 

OCFE models show improved robustness in converging to 
the optimal solution when a poor initial point is provided, 
mainly because of their compact size. For a constant number 
of collocation points there is an optimal combination of num- 
ber of elements per column section and number of collocation 
points per element for which a measure of the approximation 
error is minimized. At present, the minimum number of ele- 
ments and collocation points, which provide the least approx- 
imation error, cannot be determined without a previous solution 
of the column available. 
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Notation 
b =  

B =  
c =  
d =  

D =  
e =  
f =  
F =  
h =  

H =  
K =  

I =  
L =  

M =  
n =  

N =  
P =  

component bottoms product molar flow rate, kmol/ 
d 
bottoms product molar flow rate, kmol/d 
total number of components in the column 
component overhead product molar flow rate, 
kmol/d 
overhead product flow rate, kmol/d 
error between full and OCFE models 
component feed molar flow rate, kmolld 
feed flow rate, kmol/d 
mixture molar liquid enthalpy, kJ/kmol 
mixture molar vapor enthalpy, kJ/kmol 
K values 
component liquid molar flow rate, kmol/d 
total liquid molar flow rate, kmol/d 
parameter 
number of collocation points 
total number of equilibrium stages 
pressure, kPa 
nth degree Hahn polynomial 
thermal duty, kJ/d 

s = continuous stage variable which varies from s = 0 

s, = collocation point 
T = tray temperature, K 
v = component molar flow rate, kmol/d 
V = total vapor molar flow rate, kmol/d 

to N +  1 within an element 

W,,(s) = Lagrange polynomials for liquid states 
W,(s )  = Lagrange polynomials for vapor states 

w ( x ;  a ,@,M)  = weighting function 
x = liquid molar fraction 

Greek letters 
a = parameter for Hahn polynomials 
@ = parameter for Hahn polynomials 

Subscripts 
B = bottoms product 
c = critical component data 

D = overhead product 
F = feed stream 
i = ith equilibrium stage in tray-by-tray model or finite- 

element index in OCFE model 
j = j th collocation point 
I = liquid state 

m = component 
r = reduced component data 

R = rectifying section 
S = stripping section 
t = tray location 
v = vapor state 

Superscripts 
R = rectifying section 
S = stripping section 

Operation 
( a ) k  = ( a ) ( a +  1). . . ( a + k -  1) if k>O 
( a ) ,  = 1 if k=O 
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